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1. Introduction
Nearly two decades ago, Hawking [1] observed that black holes are not black: quantum
mechanical pair production in a gravitational field leads to black hole evaporation. With
hindsight, this result is not really so surprising. It is simply the gravitational analog of
Schwinger pair production in which one member of the pair escapes to infinity, while the
other drops into the black hole.
Hawking went on, however, to argue for a very surprising conclusion: eventually the
black hole disappears completely, taking with it all the information carried in by the
infalling matter which originally formed the black hole as well as that carried in by the
infalling particles created over the course of the evaporation process. Thus, Hawking
argued, it is impossible to predict a unique final quantum state for the system. This
argument initiated a vigorous debate in the physics community which continues to this
day.
It is certainly striking that such a simple thought experiment, relying only on the
basic concepts of general relativity and quantum mechanics, should apparently threaten
the deterministic foundations of physics. We are used to the idea in quantum mechanics
that we can only predict probabilities of measurements, but the wave function still has a
well defined unitary time evolution. If Hawking is correct, we would have to give up even
this. This thought experiment brings to mind Einstein’s train paradox, together with the
hope that a deeper understanding of the problem will lead to fundamental new insights.
Unfortunately, subsequent investigations have been unable to definitively refute or
verify Hawking’s claim, for several reasons. One is the problem of the non-renormalizability
of quantum gravity inevitably encountered in the late stages of the evaporation process
when the curvature becomes large. A second difficulty is the inherent complexity of the
process of formation and evaporation of a macroscopic black hole involving many degrees
of freedom.
When a problem cannot be solved, it is often a good idea to consider a new and related
problem which might be solved. An interesting new problem involves magnetically charged
black holes. These can be stabilized against Hawking radiation in the “extremal” limit for
which the mass and charge are equal in Planck units. An incoming particle can excite such
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a black hole, which should then decay back to its extremal state. The new problem is to
describe extremal black hole - particle scattering. Since the scattering involves Hawking
emission, there is the potential for information loss.
In the last year it has been realized that this new problem is far simpler than that of
formation/evaporation of four-dimensional black holes. Indeed, in an appropriate limit it
is equivalent to a model of black hole formation/evaporation in 1+1 dimensions [2,3,4] and
can be fruitfully attacked with the powerful methods of two-dimensional conformal field
theory. In these lectures, we shall review some basics of black hole evaporation, together
with recent results along these lines.
The outline of this review is as follows. We begin in section two with a brief review of
Penrose diagrams, apparent horizons, event horizons, extremality and other basic concepts
used to discuss black holes in 3+1 dimensions. In section three we give a brief overview of
black hole thermodynamics and discuss the puzzles raised by Hawking radiation, together
with some possible resolutions of those puzzles. In section four the puzzles are discussed
in the context of particle-hole scattering. In section five we discuss dilaton gravity and
dilatonic black holes, the investigation of which leads to new insights about black holes in
general. The main emphasis is on the structure of extremal black holes in this theory and
their relation to the 1 + 1 dimensional theory discussed in the following sections. Section
six introduces 1+1 dimensional dilaton gravity coupled to conformal matter and discusses
the classical solutions of this theory, including those that correspond to black holes formed
by infalling matter. The discussion of quantum effects in this theory is begun in section
seven with a presentation of the relation between Hawking radiation and the trace anomaly
and a calculation of Hawking radiation for a black hole formed by collapse of matter. In
section eight we explain how to include back-reaction at a semi-classical level, and discuss
some of the successes as well as the limitations of this procedure. In section nine we
discuss constraints on the full quantum theory and directions for further research. Brief
concluding comments are made in section ten.
This is not meant to be a comprehensive review of black hole physics. Rather we have
attempted to present an accessible account of selected recent developments, together with
some necessary background material.
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We use Planck units throughout.
2. Black Holes in Einstein Gravity
We will begin with a brief review of the basic terminology used to discuss black holes
in 3 + 1 dimensions. More details can be found in textbooks such as [5]. We will present
several examples of Penrose diagrams of increasing complexity, and discuss the notions of
horizons, trapped surfaces, and extremal black holes.
2.1. Minkowski space
The line element for Minkoswki space in spherical coordinates (t, r, θ, φ) is given by
ds2 = (−dt2 + dr2) + r2(dθ2 + sin2 θdφ2) ≡ (−dt2 + dr2) + r2dΩ2II . (2.1)
At each point (r, t) with −∞ < t < ∞, 0 < r < ∞ there is an S2 of area 4πr2. In what
follows we focus on the (r, t) plane and suppress the presence of the two-spheres. It is often
useful to introduce light-cone coordinates
u = t− r,
v = t+ r,
(2.2)
so that −dt2 + dr2 = −dudv.
Fig. 1: Relation between (r+ t) coordinates and light-cone coordinates (u, v) and
various asymptotic regions of Minkowski space.
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The relation between (r, t) and (u, v) and various asymptotic regions which will play
a role in the following discussion are indicated in fig. 1. These are:
i+ = {t→+∞ at fixed r} = future timelike infinity,
i− = {t→−∞ at fixed r} = past timelike infinity,
i0 = {r→∞ at fixed t} = spacelike infinity,
I+ = {v→∞ at fixed u} = future null infinity,
I− = {u→−∞ at fixed v} = past null infinity.
Future and past null infinity are useful concepts when dealing with radiation. For
example, to measure the mass of an object one needs to know the deviation of the metric
from flat space at large distances. If the object emits a pulse of radiation at time t and we
want to know the resulting change of mass then, at radius r, we must wait a time t ≥ r
until the radiation is past to measure the new metric. As r→∞, we end up making the
measurement at I+.
Fig. 2: Relation between (r+ t) coordinates and light-cone coordinates (u, v) and
various asymptotic regions of Minkowski space.
A more precise definition of these concepts can be given in terms of conformal infinity.
We introduce coordinates (ψ, ζ) with
v = t+ r = tan
1
2
(ψ + ζ),
u = t− r = tan 1
2
(ψ − ζ),
(2.3)
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so that
ds2 = Ω2(ψ, ζ)(−dψ2 + dζ2) + r2(ψ, ζ)dΩ2II , (2.4)
with
Ω−2(ψ, ζ) = 4 cos2
1
2
(ψ + ζ) cos2
1
2
(ψ − ζ). (2.5)
The new coordinates (ψ, ζ) range over the half-diamond ζ ± ψ < π, ζ > 0. We then
introduce an unphysical metric g¯µν which is conformal to the actual metric gµν
g¯µν = Ω
−2gµν . (2.6)
Although distances measured with the g¯ metric differ (by a possibly infinite factor) from
those measured with the g metric, the causal relation of any two points is the same in
both metrics. Thus the causal structure of the g-spacetime is equivalent to that of the g¯-
spacetime. The unphysical metric g¯ is well behaved at the values of (ψ, ζ) which correspond
to the asymptotic regions of g as shown in fig. 2.
The Penrose diagram of fig. 2 brings the previous asymptotic regions into finite points.
Furthermore, even though g¯ is not the physical metric, statements about the asymptotic
behavior of fields in the spacetime with metric g can be translated into simple statements
about the behavior of fields at the finite points corresponding to i±, i0, I± in the space-
time with metric g¯. This type of discussion can also be applied to solutions such as the
Schwarzschild metric which have an appropriate notion of asymptotic flatness. See [5] for
further details.
The basic feature of a Penrose diagram is that null geodesics are always represented
by 45o lines. Thus it is easy to discern if two points are in causal contact, which makes the
diagrams very useful. For example a glance at fig. 2 reveals that all of Minkowski space is
in the causal past of an observer at i+. The price one pays for this is that distances are
not accurately portrayed: two points finitely separated on a Penrose diagram may or may
not be an infinite geodesic distance apart.
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Fig. 3: Penrose diagram for 1 + 1 dimensional Minkowski space (shaded region).
2.2. 1 + 1 dimensional Minkowski space
We have the line element
ds2 = −dt2 + dx2 = −dx+dx−, (2.7)
with x± = t± x. Letting
x± = tan
1
2
(ψ ± ζ), (2.8)
where now, since −∞ < x <∞, (ζ, ψ) range over the full diamond |ζ ± ψ| < π. It follows
as in the previous discussion that the Penrose diagram consists of two copies of fig. 2 as
shown in fig. 3. There are now two spacelike infinities, i0R,L, corresponding to x→±∞,
and two past and two future null infinities, I±R , I±L with for example I+R being where right-
moving light rays go and I+L where left-moving light rays go. This structure will reappear
in section five when we discuss the behavior of four-dimensional dilatonic extremal black
holes.
2.3. Schwarzschild Black Hole
The Schwarzschild black hole with line element
ds2 = −(1− 2M
r
)dt2 +
dr2
(1− 2Mr )
+ r2dΩ2II (2.9)
is probably the most familiar non-trivial solution to the vacuum Einstein equations Rµν =
0. As is well known, at the origin r = 0 there is a curvature singularity as may be verified
by calculation of the invariant RµνλψR
µνλψ. The singularity in the metric at r = 2M is not
a curvature singularity but instead represents a breakdown of this particular coordinate
system.
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Fig. 4: Maximal analytic extension of the Schwarzschild black hole in null Kruskal
coordinates.
The most convenient method to study the behavior near r = 2M is to introduce co-
ordinates along ingoing and outgoing radial null geodesics. We thus introduce the tortoise
coordinate
r∗ = r + 2M ln(
r
2M
− 1), (2.10)
with dr = (1− 2M/r)dr∗ and
ds2 = (1− 2M
r
)(−dt2 + dr∗2) + r2(r∗)dΩ2II . (2.11)
It is clear from (2.11) that null geodesics correspond to t = ±r∗. Also note that r = 2M
is at r∗ = −∞. The appropriate null coordinates are
u = t− r∗,
v = t+ r∗.
(2.12)
The next step is to introduce the null Kruskal coordinates
u¯ = −4Me−u/4M ,
v¯ = 4Mev/4M .
(2.13)
The region r ≥ 2M or −∞ < r∗ <∞ maps onto the region −∞ < u¯ < 0, 0 < v¯ <∞. But
now inspection of the metric shows that
ds2 = −2M
r
e−r/2Mdu¯dv¯ + r2dΩ2II , (2.14)
where r(u¯, v¯) is defined implicitly by (2.10) – (2.13) and it is clear that the metric com-
ponents are non-singular at r = 2M . We can thus analytically continue the solution to
the whole region −∞ < u¯, v¯ < ∞. The resulting Kruskal diagram of the extension of the
Schwarzschild black hole is shown in fig. 4.
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Fig. 5: Penrose diagram of the analytic extension of the Schwarzschild black hole.
A procedure similar to that described earlier for Minkowski space allows one to bring
the asymptotic regions of fig. 4 into finite points in terms of an unphysical metric g¯. The
resulting Penrose diagram for the Schwarzschild black hole is shown in fig. 5. In this
extension of the Schwarzschild metric there are two asymptotically flat regions denoted I,
II in fig. 4 and fig. 5. Also, in addition to the black-hole singularity (where r(u¯, v¯) vanishes)
which reaches i+ in the infinite future, there is a white-hole singularity which emerges from
i− in the infinite past.
Fig. 6: Penrose diagram for a black hole formed by spherically symmetric collapse
of radiation. The solid line is the apparent horizon, which bounds the shaded
region of trapped surfaces or apparent black hole. The dashed line is the event
horizon, which coincides with the apparent horizon after the collapse is completed.
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It is reasonable to ask how much of this structure is relevant for classical black holes
formed by the collapse of infalling matter. Only region I and part of region III will exist
for such a physical black hole. Why this is so should be clear from the Penrose diagram of
fig. 6 for a black hole formed by collapse.
2.4. Event Horizons, Apparent Horizons and Trapped Surfaces
In this subsection we will describe the notions of event horizons, apparent horizons,
and trapped surfaces. We will not give precise definitions for general surfaces or general
spacetimes, as there are many subtleties involved. Rather we will attempt to give a flavor
of the ideas in the highly simplified context of spherically symmetric spacetime geometries
and symmetric surfaces. The statements made in this section refer only to such surfaces
and geometries, although many of them can be generalized. The reader interested in
precise statements instead of the general flavor should refer to [5] and [6].
A future event horizon is the null surface from behind which it is impossible to escape
to I+ without exceeding the speed of light. A past event horizon is the time reverse of this:
a surface which it is impossible to get behind starting from I−. Schwarzchild contains both
a past and future event horizon as indicated in fig. 4, fig. 5, while the spacetime representing
a black hole formed by gravitational collapse contains only a future event horizon.
The interior of a black hole generally contains a region of trapped surfaces. To illus-
trate this notion, consider a two-sphere in flat Minkowski space. There are two families
of null geodesics which emanate from the two-sphere, those that go out and those that go
in. The former diverge, while the latter converge. A trapped surface is one for which both
families of null geodesics are everywhere converging, due to gravitational forces. It is easy
to check that two-spheres of constant radius behind the future horizon in Schwarzchild
are trapped. Outgoing null geodesics from the two-sphere exactly at r = 2M of course
generate the horizon itself, whose area is constant for Schwarzchild. This two-sphere is
therefore marginally trapped.
An apparent horizon is the outer boundary of a region of trapped surfaces. We will
also find it convenient to refer to a region of trapped surfaces as an apparent black hole.
The notions of an apparent horizon and an event horizon are quite different, although
the two are sometimes confused as they happen to coincide for Schwarzchild. An event
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horizon is a global concept, and the entire spacetime must be known before its existence
or location can be determined. The location of an apparent horizon, in contrast, can be
determined from the initial data on a spacelike slice.
To illustrate this, consider a black hole geometry with an apparent horizon at time
t0. Throwing matter into the black hole at a time t >t0 (relative to any smooth time
slicing which goes through the black hole) will have no effect on the area or location of the
apparent horizon at time t0 (although it will increase its area for later times). However, the
infalling matter does cause the event horizon at the earlier time t0 to move out to larger
radius. The apparent and event horizons for a black hole formed by collapsing radiation
are illustrated in fig. 6.
In classical general relativity, the apparent horizon is typically a null or spacelike
surface which lies inside or coincides with the event horizon (assuming cosmic censorship)
[6]. This is not true when the effects of Hawking radiation are taken into account, in which
case – as will be illustrated in section three – the apparent horizon can shrink, become
timelike and move outside the event horizon.
It is important to stress that there is no evidence for the existence of black hole event
horizons (as opposed to apparent horizons) in the real world. In order to answer this
question one must follow the apparent black hole all the way to the endpoint of Hawking
evaporation.
2.5. Kerr-Newman and Extremal Black Holes
In the early 1970’s a number of uniqueness theorems were proved for gravity coupled
to various matter fields. These results were eventually summarized in a no-hair “theorem”
stating that the most general black hole is characterized uniquely by those quantities which
can be measured by the coupling to massless gauge fields at infinity – namely by its mass
M , electric and magnetic charges Qe, Qm, and angular momentum J . The solution with
general (M,J) was first constructed by Kerr and subsequently generalized by Newman to
arbitrary (M,J,Q) (where Q2 = Q2e + Q
2
m). It is worth emphasizing however that there
is no single “no-hair” theorem and that many of the specific theorems make assumptions
which rule out physically interesting cases.
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There have recently been efforts to understand what kinds of hair black holes may
have in more general theories. For example at the classical level solutions have been found
in which massless [7] or massive [8] non-abelian fields have non-trivial behavior outside the
horizon of the black hole, although the former are unstable [9]. Solutions with “Skyrmion
hair” were investigated in [10]. It has also been pointed out [11] that black holes can
carry “quantum hair”: i.e. charges which are invisible classically but which in principle
can be detected by quantum-mechanical interference experiments. The resulting quantum
modifications of black hole structure are described in [12].
A discussion of the general Kerr-Newman solution is beyond the scope of these lectures.
The special case of J = 0, first studied by Reissner and Nordstrøm, will however play some
role in the following. The Reissner-Nordstrøm solution is characterized by the line-element
ds2 = −(1− 2M
r
+
Q2
r2
)dt2 + (1− 2M
r
+
Q2
r2
)−1 + r2dΩ2II . (2.15)
This solution has a curvature singularity at r = 0 as for Schwarzschild, but in addition has
two horizons where 1− 2M/r +Q2/r2 vanishes:
r± =M ± (M2 −Q2)1/2. (2.16)
For Q < M the singularity at r = 0 is hidden behind these horizons while for Q > M there
are no real roots of (2.16) and the solution has a naked singularity.
The extremal Reissner-Nordstøm solutions with M = Q have special properties, and
will play an important role in the following. At the classical level, these solutions are
just on the verge of developing a naked singularity. For the special case Q = 0, the
extremal solution is just the flat space vacuum. We shall see that even for non-zero Q,
the extremal solutions can be thought of as the vacuum in the charge Q sector of the
theory. The extremal solutions are also singled out in the context of supergravity, in
that they are solutions of the supergravity equations of motion which preserve half of the
supersymmetries [13].
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3. Black Hole Thermodynamics and Hawking Radiation
During the 1960’s and 1970’s many fascinating aspects of classical black hole physics
were studied. One of the main results of these investigations was a set of laws of black hole
mechanics which have a striking analogy with the laws of thermodynamics, as indicated
below.
Thermodynamics Black Hole Mechanics
Zeroth Law The temperature T is The surface gravity κ is
uniform over a body in is constant over the horizon.
thermal equilibrium.
First Law TdS = dE + PdV −ΩdJ κdA = 8π(dM − ΩdJ)
Second law ∆S ≥ 0 ∆A ≥ 0
The second law of black hole mechanics relates the change in the surface area of the
horizon, A, for a black hole with angular velocity Ω to the changes in the mass and angular
momentum and is very similar in form to the second law of thermodynamics as applied to
rotating systems. In the above κ is the surface gravity, which can be defined intuitively,
for a static black hole, as the limiting force which would have to be exerted at infinity to
keep an object stationary at the horizon. The third law of thermodynamics that S→0 as
T→0, is a statement about the degeneracy of the ground state of the system and need not
hold for systems with highly degenerate ground states.
Hawking’s remarkable discovery in 1974 that black holes radiate at a temperature
T = κ/2π greatly strengthened this analogy, and made it seem very likely that the laws
of black hole physics are the laws of thermodynamics as applied to black holes. This
point of view has been further strengthened by all subsequent investigations. For example
Bekenstein’s generalized second law [14], which states that the total entropy (defined as
S+ 1
4
A for black hole spacetimes) always increases, has been verified for processes such as
lowering a box of radiation into a black hole. An excellent recent review can be found in
[15].
This beautiful connection between gravity, quantum mechanics and thermodynamics
is very satisfying, but also raises a number of disturbing puzzles which must be resolved
before we have a full understanding of this connection.
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First of all, the usual laws of thermodynamics can be derived from microscopic sta-
tistical mechanical considerations. The entropy is calculated as
S ∼ log (number of accessible states), (3.1)
and a careful justification of thermodynamic behavior requires ergodic behavior. For a
Schwarzschild black hole the entropy is (in Planck units)
S = A/4 = 4πM2. (3.2)
This would suggest that a black hole of mass M has of order exp(4πM2) states and that
the black hole is equally likely to be in any of these states. At present the microscopic
description of these states is a mystery, as is the justification for equal population of these
states.
The second major puzzle raised by Hawking’s result is that it raises the possibility
that pure states can evolve into mixed states, resulting in a net loss of information. For
example one could imagine starting with a pure state of infalling matter which collapses
to form a black hole. The black hole will then slowly (at first) evaporate. Each pair of
particles produced in the evaporation process is in a pure state. One member of the pair
escapes to infinity. The other member (with negative energy) falls into the black hole,
carrying with it information in the form of correlations with the outgoing particle. This
process continues until the black hole is Planck-sized, at which point quantum gravity
effects are important and Hawking’s semiclassical calculation is no longer expected to be
a good approximation. What happens next is very controversial. Several possibilities are:
Fig. 7: Alternative I: the black hole disappears completely, and information which
falls into the singularity is irretrievably lost. The region of trapped surfaces is
shaded .
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(I.) The black hole disappears completely, carrying with it all the information carried in
by the infalling particles. This is the alternative advocated by Hawking [16] and is
depicted in fig. 7. While not (as far as we know) logically inconsistent, it is a radical
proposal, implying that the laws of quantum physics are not deterministic. Instead one
can only assign a probability that the outcome of black hole formation/evaporation is
a given quantum state and the rules for assigning this probability have yet to be fully
understood.
Fig. 8: Alternative II: Planck-mass remnants. A large apparent black hole (shaded
region) evaporates down to a small remnant, which stores enough information to
ensure that the final quantum state is pure.
(II.) The evaporation process ceases, leaving a stable Planck-mass remnant. The final state,
remnant + radiation is pure. This has been advocated for example in [17]. One
possible Penrose diagram for this is depicted in fig. 8. Conservation of information
requires an infinite number of “species” of stable remnants, one for each initial state
which collapses to a black hole. This leads to severe phenomenological difficulties.
For example there is a finite – although incredibly small – probability for producing
a given species remnant via pair production in a non-static gravitational field. This
probability depends to leading order only on the coupling of gravity to the remnant –
i.e., its mass 1. This is roughly the same for every species of Planck mass remnants.
After summing over species, the total remnant production rate will diverge. Thus it
is hard to understand how an infinite number of remnants could have escaped our
attention.
1 Although see [18].
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Fig. 9: Alternative III: outgoing radiation carries out all information contained in
the infalling matter. An “apparent black hole” (shaded region) exists for a long
time, but a global event horizon never forms .
(III.) The black hole disappears completely. Outgoing radiation is correlated with infalling
matter and radiation in such a way that the final pure radiation state is pure. This
point of view has been advocated by Page [19], ‘tHooft [20] and in [21] (to name a
few) and is depicted in fig. 9. This is in fact how the final state of e.g. a burning
lump of coal manages to be pure. While at each point in the process the emitted
radiation appears thermal, late-time radiation has subtle correlations with early time
radiation. The big difference for black holes (as stressed in [22]) is that until the final
Planckian stage of the evaporation process they are surrounded by an apparent horizon
which is very nearly null. The infalling particles therefore carry the information into
a region causally shielded from that part of future null infinity which precedes (in
retarded time) the final stage of evaporation. Thus the information cannot come back
out without violating macroscopic causality until the black hole has evaporated down
to the Planck size. It is conceivable that quantum coherence could be restored by
radiation emitted in the final stage of evaporation which is governed by unknown laws
of quantum gravity. However, since the total available energy is bounded and small
(relative to the initial black hole mass), this is possible only if the radiation is emitted
over an extremely long period [17]. One then has, for all practical purposes, a remnant
and the objections to alternative (II) are applicable.
(IV.) None of the above. Given the difficulty with the preceding alternatives, this may well
be the most conservative possibility.
Further discussion of these and other possibilities can be found in [22,23].
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4. Extremal Black Hole–Particle Scattering
Despite intense efforts, it has not so far been possible to determine the final outcome
of black hole evaporation. One reason is that quantum gravity appears to be important at
late stages in the evaporation process, and one must therefore confront the problem of non-
renormalizability of quantum gravity. In principle string theory could come to the rescue,
but in practice string technology is not sufficiently developed to handle this problem.2 A
second obstacle is the many degrees of freedom involved in the formation/evaporation of
a macroscopic black hole. All of these degrees of freedom must be carefully kept track of
in order to determine whether or not information is lost – a daunting task.
In fact it is possible to modify and boil the problem down to a much simpler problem.
In this simpler problem both of these obstacles are circumvented, yet the key conceptual
puzzles remain. The first step in the boiling down process involves extremal black holes. A
key feature of extremal black holes (including those dilatonic variants yet to be discussed in
section five) is that the Hawking temperature vanishes. Thus they are typically quantum
mechanically as well as classically stable objects.3 An M > Q black hole will tend to
Hawking radiate down to its extremal M = Q state. Thus the extremal black holes are
quantum ground states of the charge Q superselection sector of the Hilbert space. This
view is reinforced by consideration of N = 2 supersymmetric versions of the theory, for
which it can be shown that they are exactly stable, supersymmetric, quantum ground
states.
Next consider throwing a low energy, neutral particle into an extremal black hole. This
will excite it into a non-extremal state where, classically, it will remain forever. Quantum
mechanically, however, one expects it to decay via Hawking emission back to its extremal
2 Except perhaps in 1+1 dimensions, where the problem is extremely difficult but perhaps not
impossible.
3 This is not true for extremal electrically charged black holes in a world – such as the one we
live in – with m < e charged particles, which will lead to ordinary Schwinger pair production in
the electric field of the black hole. In our world, magnetically charged black holes are possibly
examples of the type of quantum mechanically stable objects we wish to discuss.
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ground state4. The hope is that the entire process can be analyzed in a perturbation
expansion about the extremal ground state.
In precise analogy with the four possible outcomes of black hole formation/evaporation
discussed in the preceding, there are the following possible outcomes of particle-hole scat-
tering:
(I.) The outcome of the scattering experiment is unpredictable. This might be expected if
the final outgoing particle has correlations with a negative energy partner which falls
into the black hole.
(II.) The final black hole + particle state is predictable, with an infinite number of possi-
ble black hole states. This is the analog of the remnant alternative of the previous
subsection. If the quantum state of the black hole cannot be measured, this may be
indistinguishable in practice from alternative (I). On the other hand, if it is possible to
measure the quantum state of the black hole via its long-range quantum hair [11,12]
, or short-range quantum whiskers [4], this alternative is distinct from (I). (II) also
differs from (I) when one considers the rate of quantum pair production of black holes,
which is proportional to the number of states.
(III.) The final state of the black hole + particle is predictable, with a finite number of possi-
ble black hole states. In this alternative, most of the (infinite amount) of information
in the incoming particle is carried back out by the outgoing particle (as in alternative
(III) of the preceding section), with possibly a finite amount transferred to the black
hole due to a finite ground state degeneracy.
(IV.) None of the above. Again perhaps the most likely candidate.
From the preceding discussion it should be clear that the problem of extremal black
hole–particle scattering contains all the same puzzles as the problem of black hole forma-
tion/evaporation. Yet it is clearly much simpler, as there are few possible final states of
the system, relative to the many possible outcomes of macroscopic black hole evaporation.
To make real progress, however, we must boil the problem down even more. We can
do this by considering only low-energy scattering of states with zero angular momentum.
4 We ignore here the interesting possibility that the incoming particle may cause the extremal
black hole to fracture in to smaller extremal black holes.
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In general one cannot simply truncate a quantum field theory to the S-wave sector and
hope to obtain reliable results. One needs a small parameter to justify the approximation.
Such a parameter is not known for Reissner-Nordstøm black holes. However in the next
section we shall see that the S-wave approximation is justified for extremal dilatonic black
holes if a) the black hole is large in Planck units and b) the Compton wavelength of the
incident particle is large relative to the black hole. The problem can then be systematically
reduced to a 1 + 1 dimensional quantum field theory living in the (r, t) plane of the black
hole (whose properties are the subject of sections six through nine). Clearly the number
of degrees of freedom have been drastically reduced.
It is also important to note that quantum gravity is renormalizable in two dimensions.
Thus the problems of the nonrenormalizability of four-dimensional quantum gravity are
apparently avoided. The reason behind this is that particle-hole scattering is essentially
a problem in low-energy physics, and the laws of physics at high energies should not be
relevant.5
5. Black Holes in Dilaton Gravity
The low-energy limit of string theory with unbroken supersymmetry generically in-
cludes a massless scalar field φ – termed the dilaton – which couples to other fields in a
specific way. In “realistic” scenarios with broken supersymmetry it is expected (or hoped)
that the dilaton will acquire a mass which makes its existence consistent with the standard
post-newtonian tests of general relativity. Nonetheless, the theories with a massless dila-
ton should be relevant for the study of stringy black holes small relative to the Compton
wavelength of the dilaton, and more generally provide a useful model for investigating
modifications of black hole structure. The effects of a dilaton mass have recently been
studied in [24].
The simplest four-dimensional example has the dilaton and a U(1) gauge theory cou-
pled to gravity with action
S =
∫
d4x
√−ge−2φ(R+ 4gµν∇µφ∇νφ− 1
2
gµλgνρFµνFλρ). (5.1)
5 Although it remains a logical possibility that instabilities inevitably drive one into the high
energy regime.
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In the form (5.1) the Einstein term in the action does not have its canonical form and the
dilaton kinetic energy term has the “wrong” sign. This can be remedied by performing a
conformal transformation
g˜µν = e
−2φgµν . (5.2)
This results in the expression
S =
∫
d4x
√
g˜(R˜− 2g˜µν∇µφ∇νφ− 1
2
e−2φg˜µλg˜νρFµνFλρ). (5.3)
The metric g˜µν is referred to as the canonical metric (because the Einstein action has
the canonical prefactor) while gµν is often called the sigma-model or string metric. The
motivation for this latter terminology is as follows. The equation of motion for a classical
test string in fundamental string theory implies that its world sheet is a minimal surface
with respect to the metric gµν – the analog of a geodesic for point particles. Thus it is
reasonable to say that strings “see” the metric gµν rather than g˜µν .
While we will use mainly the metric g, it is important to note that the stress tensor
obtained by varying the matter action with respect to g does not obey the usual positivity
conditions. Therefore the classic theorems of general relativity – such as the area and
singularity theorems – are not applicable in this context. On the other hand, the stress
tensor defined by g˜ variation is positive, and the usual theorems do apply. The area
theorem of black hole mechanics will then imply the generalized second law if the black
hole entropy is identified as the area in the metric g˜ (rather than g) – an identification
which is confirmed from other points of view [25].
Two important points follow trivially from inspection of the canonical form (5.3) of
the action. The first is that for Fµν = 0 the solutions reduce to solutions of Einstein
gravity coupled to a massless scalar field. The no-hair theorems then imply that the
unique black hole solution is the Kerr solution characterized by (M,J). The second is that
since there is no potential for φ, we are free to choose an arbitrary constant value φ0 for
φ at infinity. From (5.3) we then see that e2φ0 ≡ g2s plays the role of the electromagnetic
coupling constant squared at infinity. In fact, given a solution for one value of φ0 it is
possible to construct a solution with any other value by utilizing a classical symmetry of
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the equations of motion following from the action (5.3). If we perform a constant conformal
transformation on the metric accompanied by a constant shift of φ:
g˜µν→e−2αg˜µν , φ→φ+ α, (5.4)
then the action (5.3) transforms as S→e−2αS. This is not a quantum symmetry since
the action is not left invariant, but it is sufficient to insure that the classical equations of
motion are invariant. Therefore one can generate a new classical solution with a shifted
constant value of φ at infinity by acting with the transformation (5.4).
Black holes with non-zero charge Q have been investigated in this theory in [26] and
[27] and are reviewed in [28]. The general spherically symmetric solution with J = 0 and
magnetic charge Q is given in terms of g˜µν by
ds˜2 = g˜µνdx
µdxν = −(1− 2M
r
)dt2 +
dr2
(1− 2M/r) + r(r −
Q2
2M
e−2φ0)dΩ2II
e−2φ = e−2φ0(1− Q
2
2Mr
e−2φ0),
F = Q sin θdθ ∧ dφ.
(5.5)
Comparing this solution to the Reissner-Nordstøm solution described in the previous sec-
tion one notices several differences. First of all, this solution has only one horizon at
r = 2M and not two as for Reissner-Nordstøm. In fact, the metric components g˜00 and
g˜rr are exactly those of the Schwarzschild solution. Second, the curvature singularity in
these variables occurs at r = Q
2
2M e
−2φ0 where the area of the two-spheres goes to zero.
Finally, the extremal solution occurs at Q2 = 4M2e2φ0 , rather than at Q2 = M2 as for
Reissner-Nordstøm black holes.
The supersymmetry of this extremal solution (when embedded in N ≥ 2 supergravity)
has been described in [26,13,29]. Rotating dilatonic black holes have been constructed in
[30], dyonic solutions were found in [31], and higher-dimensional solutions were found in
[32].
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Fig. 10: An S-wave pulse incident on the spatial geometry of an extremal dilaton
black hole.
Let us look in more detail at the extremal limit of the dilatonic black hole solution
(5.5). As Q2→4M2e2φ0 it is clear that both the metric components and e−2φ are becoming
singular at the horizon r = 2M . However the physical implications of this are not immedi-
ately obvious. In order to decide whether physical quantities become singular in theories
with scalar fields coupled to gravity we must specify not only the coupling to the metric
but also the coupling to the scalar fields. In the example at hand the most natural point of
view is to ask whether or not string propagation becomes singular in this limit. To study
this we want to look at the string metric gµν in the extremal limit. For Q
2→4M2e2φ0 the
string metric behaves as
ds2→e2φ0
(
−dt2 + dr
2
(1− 2Mr )2
+ r2dΩ2II
)
. (5.6)
(r and t may be rescaled by a constant factor of eφ0 to restore the canonical asymptotic
behavior of the metric.) As r→∞ this approaches flat space with a constant dilaton φ0.
As r→2M we can introduce a new coordinate σ with
dσ =
dr
1− 2M/r =
rdr
r − 2M , (5.7)
so that as r→2M we have σ→2M ln(r − 2M). We then find that as σ→−∞ (r→2M )
ds2→e2φ0(−dt2 + dσ2 + (2M)2dΩ2II ),
e−2φ→e
−2φ0
2M
eσ/2M .
(5.8)
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We thus see that σ = −∞ is an infinite proper distance away and that as we approach
this limit the geometry approaches that of 1 + 1 dimensional Minkowski space (σ, t) times
a two-sphere of fixed radius R = 2Meφ0 = |Q| with a dilaton field φ linear in the spatial
coordinate σ as shown in fig. 10. The extremal solution has two asymptotic regions, one
“out at infinity” which approaches flat space, and the other “down the throat”. Thus the
Penrose diagram for this solution (suppressing the two-spheres of spherical symmetry as
usual) is the same as that of 1 + 1 dimensional Minkowski space depicted in fig. 3.
Note that in the extremal limit, the geometry is completely non-singular, and there are
no horizons. The black hole is replaced by a narrow “bottomless hole” in space. This non-
singular nature of extremal dilatonic black holes, in contrast to their Reissner-Nordstøm
cousins, simplifies the study of particle-hole scattering.
As an aside we note that a similar simple structure arises in five-dimensional dilatonic
black holes. In this case the black holes are known to be exact solutions of string theory
for some ranges of the parameters [33,32,34].
It is clear from fig. 10 that low-energy physics deep into the throat region is effectively
two-dimensional, and is confined to the (σ, t) plane. Excitations in the transverse directions
have energies at least of order 1/R. The two-dimensional effective field theory can be
derived by viewing the throat region as a compactification from four to two dimensions
for which the “internal” space is a two-sphere (of constant (σ, t)) threaded with magnetic
flux. Standard Kaluza-Klein technology then leads to the effective two-dimensional action
S =
1
2π
∫
d2x
√−ge−2φ(R+ 4(∇φ)2 + 4λ2 − 1
2
F 2), (5.9)
where the cosmological constant λ2 = 1/4Q2 is a relic of the “internal” components of
the scalar curvature and field strength tangent to the compactification two-sphere. Two-
dimensional gauge fields have no local dynamics, and can and will be consistently set to
zero if no charged particles are present. (The role of the F 2 term in the presence of charged
fermions is discussed in [35], charged black holes in 1+1 dimensions are discussed in [36].)
If a low-energy particle is thrown into the non-singular extremal black hole, it pro-
duces a singularity and an event horizon. This behavior is directly reflected in the two-
dimensional action (5.9). As shall be seen in the next section, a particle incident on the
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two-dimensional vacuum (which corresponds to the extremal black hole) classically pro-
duces a singularity and an event horizon.
Before descending to two dimensions there are several more useful entries in the dic-
tionary relating four and two-dimensional quantities we would like to explain. In a spher-
ically symmetric four-dimensional spacetime, the area of the two-spheres is given by a
function 4πR˜2(σ+, σ−) where σ+, σ− are null coordinates. The two-sphere at σ+, σ−, will
be trapped if R˜ is decreasing in both null directions, i.e. ∂±R˜ < 0. The area of the two
spheres of constant σ+, σ− in the throat region of a near-extremal geometry as measured
in the canonical g˜ metric is 4πQ2e−4φ. Therefore it is natural to define a trapped point in
the two-dimensional theory as a point at which
∂±φ > 0. (5.10)
An apparent horizon is then the outer boundary of such a region at which ∂+φ = 0 [37]
(since asymptotically ∂+φ < 0 while ∂−φ > 0.) We will also use the phrase apparent black
hole to refer to a region of trapped points. This is distinct from a real black hole, which is
a region from which it is impossible to escape to I+R .
6. Classical 1+1 Dilaton Gravity
6.1. Eternal Black Holes
In this subsection we will be discussing a 1 + 1 dimensional theory of gravity coupled
to a dilaton field φ with action
SD =
1
2π
∫
d2x
√−ge−2φ [R + 4(∇φ)2 + 4λ2] . (6.1)
This action can be viewed as the dimensionally reduced low-energy effective action for the
extremal dilatonic black hole as described in the previous section. It is also of interest in
its own right as a “toy” model of quantum gravity in two dimensions which, as we shall
see, contains black holes and Hawking radiation. This model arises in two-dimensional
non-critical string theory and as such its black hole solutions were first discovered in [38]
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and [39]. Previous work on two-dimensional black holes which is closely related can be
found in [40], and on models of two-dimensional gravity with scalars in [41,42,43].
The classical equations of motion which follow from (6.1) are
2e−2φ
[∇µ∇νφ+ gµν((∇φ)2 −∇2φ− λ2)] = 0, (6.2)
e−2φ
[
R + 4λ2 + 4∇2φ− 4(∇φ)2] = 0, (6.3)
where the first equation results from variation of the metric and the second is the dilaton
equation of motion. We first note that there is a solution (often called the linear dilaton
vacuum) characterized by
R = ∇2φ = 0, (∇φ)2 = λ2. (6.4)
We shall refer to this simply as the vacuum. We can introduce coordinates (σ, τ) so that
gµν = ηµν , φ = −λσ, (6.5)
in the vacuum. Note that the vacuum is not translationally invariant – a feature which
also occurred in the “throat” region of the extremal dilaton black hole. As was the case
there, the natural coupling constant in this theory is gs = e
φ. Thus the vacuum can be
divided into a strong coupling region ( σ→−∞) and a weak coupling region (σ→+∞).
It is sometimes useful to think of the strength of the coupling as providing a coordinate
invariant notion of one’s location in this one-dimensional world.
To introduce the black hole solution of this theory it is useful to introduce light-
cone coordinates (the relation of these coordinates to the previous ones will be discussed
momentarily)
x± = x0 ± x1, (6.6)
and to choose conformal gauge gµν = e
2ρηµν , or in light-cone coordinates
g+− = −1
2
e2ρ, g++ = g−− = 0. (6.7)
We then have R = 8e−2ρ∂+∂−ρ and the equations of motion become
φ : e−2(φ+ρ)
[−4∂+∂−φ+ 4∂+φ∂−φ+ 2∂+∂−ρ+ λ2e2ρ] = 0,
ρ : e−2φ
[
2∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ
]
= 0.
(6.8)
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Note that these two equations imply
∂+∂−(ρ− φ) = 0, (6.9)
so that (ρ−φ) is a free field. Since we have gauge fixed g++ and g−− to zero we must also
impose their equations of motion as constraints. This gives
e−2φ(4∂+ρ∂+φ− 2∂+2φ) = 0,
e−2φ(4∂−ρ∂−φ− 2∂−2φ) = 0.
(6.10)
Now (6.9) implies that ρ and φ are equal up to the sum of a function purely of x+,
f+(x
+) and a function purely of x−, f−(x
−). But a coordinate transformation x±→x˜±(x±)
preserves the conformal gauge (6.7) and can be used to set f± = 0. Thus we can choose
ρ = φ in analyzing the equations of motion. With this choice the remaining equations and
constraints reduce to
∂−∂+(e
−2ρ) = −λ2,
∂+
2(e−2ρ) = ∂−
2(e−2ρ) = 0,
(6.11)
which has the general solution (up to constant shifts of x±)
e−2φ = e−2ρ =
M
λ
− λ2x+x−, (6.12)
where M is a free parameter which will turn out to be the mass of the black hole.
Calculating the curvature we find
R = 8e−2ρ∂+∂−ρ =
4Mλ
M/λ− λ2x+x− , (6.13)
which is divergent at x+x− = M/λ3. This solution has the same qualitative features as
the (r, t) plane of the Schwarzschild black hole. The Penrose diagram is in fact the same
as that in fig. 5 with (u¯, v¯) replaced by (x−, x+).
Region I in fig. 5 should asymptotically approach the flat space vacuum. To see this
we can introduce coordinates
λx+ = eλσ
+
,
λx− = −e−λσ− .
(6.14)
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Note that the range −∞ < σ+, σ− < +∞ covers only region I of fig. 5. It is also important
ro remember that in these coordinates ρ will no longer equal φ since φ transforms as a
scalar under coordinate transformation while ρ does not. In these coordinates we find that
as σ = (σ+ − σ−)/2→∞
φ→− λσ − M
2λ
e−2λσ,
ρ→0− M
2λ
e−2λσ ,
(6.15)
and the solution approaches the vacuum up to exponentially small corrections. It is also
important to note that gs = e
φ→0 as σ→∞ and that at the horizon x− = 0, gs =
√
λ/M .
Thus we are in weak coupling throughout region I for sufficiently massive black holes
(M >> λ).
6.2. Coupling to Conformal Matter
So far all we have constructed is an “eternal” black hole solution. To determine
whether such solutions form from non-singular initial conditions and to study Hawking
radiation we must couple in some dynamical matter degrees of freedom. To study this
process in our 1 + 1 dimensional model we modify (6.1) by adding a matter term of the
form
SM = − 1
4π
N∑
i=1
∫
d2x
√−g(∇fi)2, (6.16)
where the fi are a set of N massless matter fields
6. For the moment we take N = 1
and will consider general N when we discuss Hawking radiation and back reaction. In
conformal gauge the f equation of motion is simply
∂+∂−f = 0. (6.17)
6 Such fields would arise in the reduction from four dimensions discussed in the previous section
if one began with massless four-dimensional scalars, or after bosonization, with charged fermions.
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Fig. 11: Penrose diagram for formation of a black hole by an f shock-wave.
Let us consider sending in a pulse of energy from the right. Although we could consider
taking f to be some function of x+ with finite width, to simplify the calculation we take
the f pulse to be a shock-wave traveling in the x− direction with magnitude a described
by the stress tensor
1
2
∂+f∂+f = aδ(x
+ − x+0 ) . (6.18)
The only modification in the equations of motion and constraints due to the matter fields
in this case is in the g++ constraint which becomes
e−2φ(4∂+ρ∂+φ− 2∂+2φ) = −1
2
∂+f∂+f. (6.19)
For x+ < x+0 we assume we are in the vacuum, while for x
+ > x+0 we know that the
solution must be of the form (6.12). Matching the discontinuity across x+0 we obtain the
solution
e−2ρ = e−2φ = −a(x+ − x+0 )Θ(x+ − x+0 )− λ2x+x−. (6.20)
For x+ > x+0 this is identical to a black hole of mass ax
+
0 λ after shifting x
− by a/λ2. The
Penrose diagram for this spacetime is shown in fig. 11.
Both of these classical solutions have a straightforward interpretation from the four-
dimensional viewpoint. The vacuum corresponds to an extremal Q2 = 1/(4λ2) black
hole, while the two-dimensional black hole solutions correspond to non-extremal four-
dimensional black holes. The fact that an arbitrarily low-energy f -particle incident on
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the vacuum produces a two-dimensional black hole corresponds to the fact that an arbi-
trarily small particle thrown in to an extremal black hole turns it into a four-dimensional
non-extremal black hole. Just as one expects this non-extremal black hole to revert to
its extremal state via Hawking emission, one expects the two dimensional black hole to
evaporate. Thus the four-dimensional process of particle-hole scattering corresponds to
two-dimensional black hole formation/evaporation.
7. Hawking Radiation and the Trace Anomaly
So far we have achieved a satisfying description of the classical formation of a 1 + 1-
dimensional black hole from collapsing matter. However the real motivation for studying
this model is to understand quantum effects. We will do this in several parts. To begin
with we will analyze the quantum effects of matter fields in the fixed classical background
of a black hole formed by collapsing matter.
In two dimensions there is a beautiful relation between the trace anomaly and Hawking
radiation discovered in [44]. For a massless scalar field the trace of the energy-momentum
tensor is zero classically, T ≡ Tµµ = 0. Quantum mechanically there is a one-loop anomaly
which relates the expectation value of the trace of the energy-momentum tensor to the
Ricci scalar
〈T 〉 = c
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R, (7.1)
where c = 1 for a massless scalar and c = 1/2 for a Majorana fermion. In conformal gauge
with T = −4e−2ρT+− this gives for N c = 1 scalars
〈T f+−〉 = −
N
12
∂+∂−ρ. (7.2)
Given the expectation value of T+− as above we can use energy-momentum conservation
to determine T++ and T−−. We have
∂+T−− + ∂−T+− − Γ−−−T+− = 0, (7.3)
and similarly for T++. Using Γ
+
++ = 2∂+ρ, Γ
−
−− = 2∂−ρ the solution is found as
〈T f++〉 = −
N
12
(
∂+ρ∂+ρ− ∂2+ρ+ t+(σ+)
)
,
〈T f−−〉 = −
N
12
(
∂−ρ∂−ρ− ∂2−ρ+ t−(σ−)
)
.
(7.4)
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The functions of integration t± are not determined purely by energy-momentum conser-
vation and must be fixed by imposing physical boundary conditions. For the collapsing
f -wave, T f should vanish identically in the linear dilaton region, and there should be no
incoming radiation along I−R except for the classical f -wave at σ+0 .
We now turn to a calculation of Hawking radiation from a “physical” black hole formed
by collapse of an infalling f shock-wave as in (6.18). The calculation and its physical
interpretation is clearest in coordinates where the metric is asymptotically constant on
I±R . We thus set
eλσ
+
= λx+,
e−λσ
−
= −λx− − a
λ
.
(7.5)
This preserves the conformal gauge (2.2) and gives for the new metric
−2g+− = e2ρ =
{
[1 + a
λ
eλσ
−
]−1, if σ+ < σ+0 ;
[1 + a
λ
eλ(σ
−−σ++σ+
0
)]−1 if σ+ > σ+0
(7.6)
with λx+0 = e
λσ+
0 .
The formula for ρ, together with the boundary conditions on T f at I−L,R then implies
t+ = 0, t− =
−λ2
4
[1− (1 + aeλσ−/λ)−2]. (7.7)
The stress tensor is now completely determined, and one can read off its values on I+R by
taking the limit σ+ →∞:
〈T f++〉 → 0, 〈T f+−〉 → 0,
〈T f−−〉 →
Nλ2
48
[
1− 1(
1 + aeλσ−/λ
)2
]
.
(7.8)
The limiting value of T f−− is the flux of f -particle energy across I+R . In the far past
of I+R (σ− → −∞) this flux vanishes exponentially while, as the horizon is approached,
it approaches the constant value Nλ2/48. This is nothing but Hawking radiation. The
surprising result that the Hawking radiation rate is asymptotically independent of mass
has been found in other studies of two-dimensional gravity.
Although we have established that there is a net flux of energy which starts at zero and
builds up to a constant value (ignoring backreaction) the skeptical reader might wonder
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whether this is in fact thermal Hawking radiation. There are two ways of arguing that the
radiation is indeed thermal. The first involves a by now standard trick of rotating the black
hole solution to Euclidean space. One then finds a non-singular solution only if the time
coordinate is periodically identified. Once one does this, Green’s functions constructed in
this background will necessarily be thermal and it is easy to check from the periodicity
that the temperature is λ/2π.
A more satisfying answer involves canonical quantization of the matter f fields in
the black hole spacetime. Concentrating only on the right-moving modes which carry the
Hawking radiation, one first considers the asymptotically flat “in” and “out” regions I−L
and I+R . For the “in” region one has a complete set of states for the mode expansion of the
fields, but for the “out” region one must add a set of modes for the region internal to the
black hole to obtain a complete set. At the end of the calculation these internal states are
traced over since they are not observable. Although each asymptotic region has a natural
timelike coordinate which allows one to define particles and anti-particles, the definitions
do not agree so that positive frequency modes in one region will be a combination of
positive and negative frequency modes in the other region. This has the interpretation of
particle creation. In particular, the “in” vacuum corresponds to a thermal distribution of
particles in the “out” region with temperature λ/2π. The details of this procedure in this
model can be found in [45]. For general background on canonical quantization in curved
spacetimes see [46].
8. Including the Back-Reaction
If expression (7.8) is integrated along all of I+R to obtain the total energy emitted in
Hawking radiation an infinite answer is obtained. This is obviously nonsense: the black
hole can not radiate more energy than it owns.
The reason for this nonsensical result is simple: the backreaction of the Hawking
radiation on the geometry has been neglected. While this should be unimportant at early
times when the Hawking radiation is weak, ultimately it should be important enough to
terminate the radiation process when the mass reaches zero.
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8.1. The One Loop Action
The backreaction is easily included by simply letting the quantum stress tensor (7.2),
(7.4) act as a source for the classical metric equations. For example the ρ equation (6.8)
is modified to read
e−2φ(2∂+∂−φ− 4∂+φ∂−φ−λ2e2ρ) = N
12
∂+∂−ρ, (8.1)
while the constraint equations are modified by the addition of (7.4). These modified
equations can be derived from the non-local action [47]
SD − N
96π
∫
d2x
√−gR −1R, (8.2)
where −1 is the scalar Greens function. Note that in conformal gauge −1R = −2ρ, so
that (8.2) is local.
There is another, equivalent, method of deriving the extra term in (8.2). The quantum
theory is defined by the functional integral in conformal gauge
Z =
∫
D(b, c, ρ, φ)Dfiei(SD+Sbc+SM ), (8.3)
where b and c are Fadeev-Popov ghosts arising from gauge fixing to conformal gauge, and
Sbc is their action. In order to define the measures in Z one must introduce a short distance
regulator. This should be done in a covariant manner, which implies that the measures
will depend on ρ and so should be denoted e.g. Dρfi. This dependence of the measure on
ρ is given by
Dρfi = D0fie−
iN
12pi
∫
∂+ρ∂−ρ, (8.4)
where D0 is the measure with ρ = 0. The term in the exponent is precisely the conformal
gauge version of the extra term in (8.2). Thus we see that this extra term arises from the
metric dependence of the functional measure.
Of course, there is also metric dependence hidden in the (b, c, ρ, φ) measure. One
might suspect that this simply leads to a shift of N in (8.2) but this is not necessarily the
case [48]. To see why not, note that the functional measure is canonically derived from
31
the metric governing small fluctuations of the fields. This is determined from the kinetic
part of the action as [49,50] :
dS2 = 1
4π
∫
d2σ
√−g(
N∑
i=1
δifδif − 8e−2φδφδφ+ 8e−2φδφδρ). (8.5)
Thus in computing the ρ, φ (as well as b, c) measures it is natural to replace g by e−2φg,
or equivalently ρ by ρ− φ. One then finds [2,48]
Z =
∫
D0(b, c, ρ, φ, fi)eiS1 , (8.6)
where
S1 =
1
π
∫
d2σ
[
e−2φ(2∂+∂−ρ− 4∂+φ∂−φ+ λ2e2ρ)
−N
12
∂+ρ∂−ρ+
1
2
N∑
i=1
∂+fi∂−fi + 2∂+(ρ− φ)∂−(ρ− φ)
]
,
(8.7)
and now all ρ dependence has been explicitly exhibited. The corresponding modifications
of the constraints will be given below.
The difference in the ghost-gravity and matter measures has a physically sensible
consequence: there is no Hawking radiation of ghosts or gravity modes for large black
holes. This can be seen by going to a gauge in which ρ−φ vanishes to leading order. This
is as expected because the dilaton and metric are non-dynamical, while ghosts are not real
particles.
8.2. The Large N Approximation
The quantum theory defined by (8.6) is still rather complicated. The theory simplifies
in the limit N→∞, with Ne2φ held fixed [2]. The first three terms in (8.7) are then of
order N , while the last ghost-gravity term is order N0 and therefore (formally) negligible.
Furthermore, since the entire action is large the stationary phase approximation is valid,
so we need merely solve the semiclassical equations. The semiclassical ρ, φ equations can
be cast in the form
8P∂+∂−φ = −P ′(4∂+φ∂−φ+ λ2e2ρ), (8.8)
2P∂+∂−ρ = e
−4φ(4∂+φ∂−φ+ λ
2e2ρ), (8.9)
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where
P = e−4φ − N
12
e−2φ, (8.10)
P ′ = −4e−4φ + N
6
e−2φ. (8.11)
The ++ constraint equation is
T++ = e
−2φ(4∂+φ∂+ρ− 2∂2+φ) +
1
2
N∑
i=1
∂+fi∂+fi
−N
12
(∂+ρ∂+ρ− ∂2+ρ) + t+ = 0,
(8.12)
while a similar equation holds for T−−.
An immediately obvious feature of (8.8) and (8.9) is [37,3] that the prefactor P on
the left hand side vanishes at the critical value of the dilaton field:
φcr =
1
2
ℓn
12
N
. (8.13)
Unless the right hand sides of (8.8) and (8.9) vanish when φ reaches φcr the second deriva-
tives of these fields will have to diverge. While the RHS of (8.8) and (8.9) do vanish for
the vacuum, this will not be the case for perturbations of the vacuum, and singularities
will occur.
These singularities can be viewed as a quantum version of the classical black hole
singularities [37]. Consider a matter shock wave at x+0 as given by equation (6.18). Beneath
the shock wave (x+ < x+0 ), the geometry is the vacuum. The equations imply that ρ and
φ, but not their first derivatives ∂+ρ and ∂+φ, are continuous across the shock wave. The
geometry above the shock wave can then be perturbatively computed in a Taylor expansion
about the shock wave. One finds that just above the shock wave [37,3]
∂+φ(x
+
0 , x
−) =
1
2x+0
(
M/λ√
P (φ(x+0 , x
−))
− 1), (8.14)
where by continuity φ(x+0 , x
−) is given by its vacuum value.
There are two notable features of this expression. The first is that ∂+φ diverges when
the shock wave crosses the timelike line in the vacuum where φ = φcr (and P vanishes).
Before diverging, however, it must cross zero at an earlier value x−H of x
−. As discussed in
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section five, this point marks the beginning of an apparent horizon. Behind this horizon
and above the shock wave there is a region of trapped points, or an apparent black hole.
The singularity at φ = φcr is thus inside an apparent black hole.
In a region of trapped points lines of constant φ are spacelike. Therefore the singularity
at φ = φcr leaves the shock wave on a spacelike trajectory. It can also be seen [37] that
the apparent horizon leaves the shock wave on a timelike trajectory, corresponding to the
fact that the black hole is radiating and shrinking.
Fig. 12: Large-N black hole formation/evaporation. One possible outcome is that
the singularity and apparent horizon asymptotically approach the event horizon at
i+ .
Unfortunately it is difficult to ascertain from the equations the final fate of the ap-
parent black hole. It was initially believed [51] that the singularity and apparent horizon
were both asymptotic to a null line (the event horizon) which meets I+R at future timelike
infinity. This is similar to the “remnant” alternative (II), and is depicted in fig. 12.
However [52] numerical evidence has been found that the event horizon meets I+R
at a finite retarded time [52]. This is depicted in fig. 13 and corresponds to alternative
(IV): “None of the above.” While the causal structure looks similar, this has the crucial
difference that all timelike observers will run into the singularity – which Hawking refers
to as a “thunderbolt.”
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Fig. 13: Large-N black hole formation/evaporation. A second possible outcome
is a “thunderbolt” extending to I+
R
. I+
R
is geodesically incomplete and i+ never
appears.
Fig. 14: Large-N black hole formation/evaporation. A third possible outcome is
that the black disappears in a finite time, and the system reverts to the vacuum.
Yet a third possibility [53], illustrated in fig. 14, is that the apparent horizon and the
singularity meet in a finite time, and a naked singularity appears. Boundary conditions are
then necessary to determine further evolution of the system. Potentially these boundary
conditions can be chosen to restore the system to the vacuum7. This would correspond to
alternative (I).
It is important to stress that the large−N approximation can not be trusted in regions
7 This has indeed been found to be possible at least for a modified version of the large-N
equations [54]. Note that other boundary conditions could lead to a thunderbolt.
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where the fields themselves grow to be of order N . In particular the semiclassical equations
must break down before the singularity is reached, and one cannot reliably conclude that
a singularity does indeed exist. To probe the region near the “singularity” apparently
requires a non-perturbative treatment of the quantum theory.
Nevertheless, it should be possible to distinguish between the three alternatives de-
picted in figs.12,13,14, as they differ in regions where φ << φcr. This is an important
problem for future research.
8.3. N < 24 Gravitational Collapse
In this subsection we will consider the one-loop semiclassical equations for dilaton
gravity with N < 24 matter fields [48]. The use of these equations is not justified by a
small parameter everywhere in the spacetime. This is nevertheless a useful exercise because
– as will be seen – it illustrates that the singular behavior of the large N equations may
not be universal, and indicates what other types of behavior may occur.
The one loop equations are of the form (8.8) and (8.9), except now with
P = e−4φ − N
12
e−2φ +
N
24
, (8.15)
P ′ = −4e−4φ + N
6
e−2φ. (8.16)
The zeros of P occur at
e−2φ =
N
24
(1±
√
1− 24
N
). (8.17)
ForN > 24 there are two zeros which coalesce and move into the complex plane forN < 24.
When N < 24, P is an everywhere nonvanishing positive function.
Thus there is no reason to expect singularities, and indeed none are found in a Taylor
expansion about the shock wave (∂+φ is given by (8.14) with the modified P .) (The
existence of singularities outside the reach of the expansion about the shock wave has not
been ruled out.) Instead of producing a singularity, the shock wave surrounds itself with
a cloud of negative energy Hawking radiation, and arrives at I+L in a zero-energy bound
state. This has the interesting consequence that information can be deposited in IL at
zero cost in energy. The situation is depicted in fig. 15.
If there are indeed no singularities, then a unitary two-dimensional S-matrix from I−R⊕
I−L to I+R⊕I+L could exist. The four-dimensional interpretation of this would be alternative
(II), with the infinite degeneracy of zero-energy bound states on IL corresponding to the
infinite remnant species (referred to as cornucopions in [3]).
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Fig. 15: An f shock wave incident on the vacuum. For N < 24, no singularities
are encountered in a Taylor expansion about the shock wave, but this does not
probe the region above the dashed line .
8.4. Quantum Black Holes
Further evidence for the absence of singularities for N < 24 can be found by looking
at the static one-loop equations. Physically one does not expect the one-loop equations
to contain static, finite-mass black hole solutions. This is because these equations include
the effects of Hawking radiation, which destabilizes black holes. However it is a curious
feature of two-dimensional dilaton gravity that one does have static solutions corresponding
to “quantum black holes” in thermal equilibrium with a radiation bath. This radiation
bath has a finite, constant energy density Nλ2/12 extending all the way out to infinity8.
However this does not prevent the black hole from being asymptotic to the vacuum, because
the gravitational coupling decreases exponentially at infinity. While the deviation of a
classical black hole geometry from the vacuum decreases as Me−λσ for large σ, that of a
quantum black hole goes as (Nλ2/12)σe−λσ. In four dimensions the radiation does not
asymptotically decouple, and there is no analogous solution.
Such static quantum black hole solutions for large N – which is qualitatively similar
to one-loop N > 24 – were investigated numerically in [55,56] . The causal structure is
identical to that of a classical black hole and is depicted in fig. 5. The main difference is
that the singularity now occurs at a finite value of φ.
8 Recall that the Hawking temperature and radiation energy density are independent of M in
two dimensions.
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Fig. 16: Penrose diagram for an N < 24 quantum black hole in equilibrium with
a radiation bath. The singularity seen in fig. 5 is replaced by an asymptotically
deSitter region.
The N < 24 equations exhibit markedly different behavior as illustrated in fig. 16.
There is no singularity in the interior of the black hole. Instead it is matched on to an
asymptotically DeSitter region, with the future (past) black hole horizon matched to the
future (past) horizon of a DeSitter observer at past (future) timelike infinity.
Clearly the N < 24 equations are resistant to singularity formation. Even if a black
hole is forced into existence by pumping in energy as fast as it is radiated out, no singularity
is formed in the interior.
9. Beyond One Loop
While much was learned in the semiclassical analysis of the previous sections, it was
also clear that the answers to some questions must await a more complete analysis of the
quantum theory. Recent attempts in this direction can be found in [57,58,59,60,50,61,62].
In this section we will discuss some of the issues which arise in this regard.
The first point is that there is not a unique quantization of dilaton gravity. If the
quantum theory is defined as an expansion in e2φ, there are new finite, renormalizable,
counterterms at every order in perturbation theory. For example at nth order there is the
term e2(n−1)φ(∇φ)2. While some constraints on these terms will be discussed, they are far
from being completely fixed.
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One elementary constraint is that the theory should have a stable ground state. In
fact it is quite easy to destabilize the ground state in the process of adding terms to the
action. General criteria for the existence of a positive energy theorem are discussed in [63].
Further properties of the quantum theory follow from the connection between two-
dimensional gravity and conformal field theory [64]. This connection is best understood
by quantizing the theory in conformal gauge:
g+− = −1
2
e2ρ,
g++ = g−− = 0.
(9.1)
This gauge leaves unfixed a group of residual diffeomorphisms for which
δg++ = ∇+ζ+ = g+−∂+ζ− = 0,
∂g−− = ∇−ζ− = g+−∂−ζ+ = 0.
(9.2)
These equations imply
ζ± = ζ±(σ±), (9.3)
and that the residual diffeomorphisms generate the conformal group. Correspondingly the
moments of T++ and T−− generate Virasoro algebras.
Invariance of the quantum theory under the residual symmetry group can be insured,
for example, by constructing a BRST chargeQ which obeysQ2 = 0 and identifying physical
states as Q - cohomology classes.
At this point it should be clear that – although a slightly different set of words is being
used – what is being constructed here is a c = 26 conformally invariant sigma model with
ρ, φ and fi as fields living in an N + 2 dimensional target space. If one demands that the
matter fields fi constitute a free c = N conformal field theory, then the ρ, φ sigma model
must be conformally invariant with c = 26−N .
Letting Xµ = (ρ, φ), the ρ, φ sigma model can be written in the form:
S = − 1
2π
∫
d2x
√
−gˆ[Gµν∇Xµ∇Xν + 1
2
ΦRˆ+ T ], (9.4)
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gˆ here is a fiducial metric and G, Φ and T are functions of Xµ. The couplings G,Φ and T
are severely restricted by conformal invariance. Namely, the beta functions must vanish:
0 = βGµν = Rµν + 2∇µ∇νΦ+ · · · ,
0 = βΦ =
N − 24
3
− R
4
+ (∇Φ)2 −∇2Φ+ · · · ,
0 = βT = ∇2T − 2∇Φ · ∇T + 8T + · · ·
(9.5)
where R is the curvature of G. These equations are indeed obeyed, to leading order, by
the G,Φ and T implicit in section eight. While conformal invariance severely constrains
the quantum theory, there are still an infinite number of solutions. This may be viewed as
an initial data problem in which initial data is specified as a function of φ at fixed ρ, and
the beta function equations are then used to solve for G,Φ and T at every value of ρ.
In order to correspond to the theory of dilaton gravity that we are interested in, the
values of G, Φ and T at weak coupling (φ→−∞) should agree with those appearing in our
one-loop expressions in section eight.
It is natural to ask whether G, Φ and T can be specified in such a way so as to
correspond to an exactly solvable conformal field theory. In [59,60,58] it was shown that
if G and Φ are given exactly by their one-loop expressions, T can be adjusted at higher
orders in such a way as to obtain a soluble Liouville-like conformal field theory. This
construction manifestly gives a theory which agrees with dilaton gravity at weak coupling.
Unfortunately, the required adjustments of T destabilize the vacuum [50]. While this
preliminary effort did not quite succeed, perhaps some modification will.
10. Conclusion
The phenomena of black hole evaporation raises a deep question regarding the compat-
ibility of quantum mechanics and gravity. Do quantum mechanical wave functions evolve
into a definite future, or can they only be predicted statistically? In this review we have
explained how this same question arises in two-dimensional models, which are computa-
tionally much more tractable than their four-dimensional partners. There is a large class
of relevant two-dimensional models, and only a few have been investigated so far. Fur-
ther investigations of these models, together with their connection to our four-dimensional
world, holds the promise of revealing new insights about the nature of our own future.
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